Distribution-free (nonparametric) control charts can play an essential role in process monitoring when there is dearth of information about the underlying distribution. In this paper, we study various aspects related to an efficient design and execution of a class of nonparametric Phase II exponentially weighted moving average (denoted by NPEWMA) charts based on exceedance statistics. The choice of the Phase I (reference) sample order statistic used in the design of the control chart is investigated. We use the exact time-varying control limits and the median run-length as the metric in an in-depth performance study. Based on the performance of the chart, we outline implementation strategies and make recommendations for selecting this order statistic from a practical point of view and provide illustrations with a dataset. We conclude with a summary and some remarks.
Introduction
Most processes in the real world do not follow a normal distribution and often their exact distributions are not known. In such situations, nonparametric (distribution-free) process monitoring is the best alternative as it comes with a key advantage of in-control (IC) robustness even when the underlying distribution is unknown. This is because the IC run-length distribution of an exactly distribution-free control chart remains the same for all continuous process distributions. The growing trend of research and practical utilities of nonparametric process control charts may be seen, for example, from Chakraborti et al. (2015) and Mukherjee and Marozzi (2016a) . They noted a nearly 200% growth on research in nonparametric process control charts in the first half of the current decade. Interested readers may see Chakraborti and Graham (2007) , Chakraborti et al. (2011) , Graham et al. (2012 Graham et al. ( , 2014 , Mukherjee and Chakraborti (2012) , Mukherjee et al. (2013) , Balakrishnan et al. (2015) Mukherjee and Sen (2015) , Li et al. (2016) and Mukherjee and Marozzi (2016b) among others for various aspects of nonparametric control charts. Some other recent works include Hawkins and Deng (2010) who considered a nonparametric control chart under a change-point set-up and Abbasi et al. (2013) who considered a nonparametric control chart for the progressive mean. For a comprehensive discussion on several nonparametric process control charts see the book by Qiu (2014) .
The Shewhart-type charts are the most extensively implemented charts in practice over the last few decades because of its simplicity and efficiency in detecting abrupt and typically larger shifts in a process.
Nevertheless, other types of charts, such as the exponentially weighted moving average (EWMA) charts are often more beneficial and appropriate in the process control environment in detecting smaller and persistent shifts in a process. Roberts (1959) first introduced the EWMA charts for subgroup averages and, following this, since then there has been an incredible amount of work on EWMA charts (see e.g. the overview by Ruggeri et al. (2007) and the citations therein). Some more recent references include Maravelakis and Castagliola (2009) , Huwang et al. (2010) , Su et al. (2011) , Haq (2013) , Lu et al. (2013) , Abbas et al. (2013 Abbas et al. ( , 2014 , Lu (2015) , Liu et al. (2015) and Khaliq et al. (2016) . Interested readers may also see Knoth (2015) for a nice discussion on the run-length quantiles of EWMA control charts for monitoring normal mean and/or variance. Traditional parametric EWMA charts based on subgroup averages usually assume that the underlying process distribution is exactly or closely normal. Such an assumption is often invalid in practice. Human et al. (2011) recently showed that the parametric EWMA chart can lack IC robustness for some non-normal distributions. The problem is aggravated when some of the true process parameters are unknown and are subsequently estimated from a reference sample. For a detailed account of non-robustness of traditional parametric EWMA charts under nonnormality, readers may see Graham et al. (2012) .
In the present work, we mainly focus on the design and execution issues concerning the nonparametric EWMA exceedance (denoted by NPEWMA-EX) chart proposed by Graham et al. (2012) . While constructing their NPEWMA-EX chart, Graham et al. (2012) focused on the reference sample median as classically the median is robust and one of the most commonly used measures of location in practice. Most of the traditional works in the field of nonparametric hypothesis testing and control charts abundantly use sample median and Graham et al. (2012) is no exception. In the recent years, a key question of which order statistic (or percentile) from the reference sample should be chosen has surfaced. Graham et al. (2014) addressed this issue with reference to a class of Phase II exceedance cumulative sum (CUSUM) chart proposed earlier by Mukherjee et al. (2013) . Mukherjee et al. (2013) also used the median of the reference sample order statistics and later Graham et al. (2014) found that more often the 25 th or the 75 th percentile is the better choice and, in fact, the median is more often is the poorest choice. These observations relate to the class of exceedance CUSUM charts (denoted CUSUM-EX) and to the best of our knowledge, the effects of the choice of different percentiles of the reference sample on the performance of the NPEWMA-EX chart have not been examined yet. To bridge this research gap, in this paper we investigate the performance of the NPEWMA-EX chart systematically, based on the 25 th , 40 th , 50 th , 60 th and 75 th percentiles, respectively. Precisely, following the line of Graham et al. (2014) , we search for the best performing order statistic (percentile), from the reference sample that will enhance the efficiency of the chart. Further, unlike Graham et al. (2012) we consider the exact time-varying control limits instead of asymptotic control limits (also referred to as steady-state control limits) and use the median runlength (MRL) as the performance metric. We discuss more on these issues in the subsequent sections.
The content of rest of the paper is presented in different Sections as follows: In the next section the NPEWMA-EX charts are introduced. In Section 3 we consider practical approach of implementation of the charts. In Section 4 the IC and out-of-control (OOC) control chart performance is studied with extensive simulations. Illustrative examples are given in Section 5. We conclude with a summary and some recommendations.
Statistical background: NPEWMA-EX chart
In this section, we clearly outline the notation and the statistical preliminaries used in the paper. We denote the reference sample (Phase I sample or training sample or retrospective/historical data) of size by from an IC process with a cdf . Establishment of the reference sample is in itself a research issue but is beyond the scope of this paper. Here we assume that a reference sample is available a-priori. We further denote the test sample (Phase II sample) of size from a cdf by
In the present work, we assume that both and are unknown continuous cdfs and consider the model ) where is the location parameter. Clearly, the process is IC when or and we are interested in detecting shifts in the location parameter .
Let the number of observations in the test sample that exceeds , the ordered observation in the reference sample, be denoted by . The statistic is popularly known as an exceedance statistic and the probability is referred to as the exceedance probability. It is worth mentioning that the number of observations in the Phase II sample that precede is known as a precedence statistic, a term coined by Nelson (1963) and was used by Chakraborti et al. (2004) to study the Shewhart-type precedence charts. From the Result A.3 of the Appendix in Mukherjee et al. (2013) , one can easily see that the joint distribution of the exceedance statistics is does not depend on the underlying cdf's when the process is IC.
Hence, control charts based on exceedance statistics are distribution-free and therefore, the class of NPEWMA-EX charts is distribution-free.
Details of the construction of the NPEWMA-EX chart for the reference sample median are provided in Graham et al. (2012) and updating this for any order statistic from the reference sample is straight forward. Graham et al. (2012 Graham et al. ( , 2014 and Mukherjee et al. (2013) , among others, noted that conditionally on that is, given the value of the order statistic , the variable follows a binomial ) distribution.
Consequently, one can construct a binomial-type EWMA chart using the 's to monitor the process location using the charting statistic given by for (1) where the starting value is generally taken as ( ) and is the smoothing constant. It is well-known that when the EWMA chart reduces to a Shewhart chart. Note that, is random and can take any value in between 0 and . Therefore, Graham et al. (2012) In the current context, we propose using symmetrically placed upper and lower control limits. We typically make use of symmetrically placed control limits when the median of the Phase I observations is considered and the underlying population distribution is symmetric. In such cases, the distribution of is symmetric. For other order statistics or skewed distributions, such a design may be biased, but in the two-sided EWMA chart with an asymmetric statistic, such a design is often used for simplicity. The use of symmetrically placed control limits, for a two-sided chart for monitoring both decreasing and increasing shifts, with a plotting statistic having an asymmetrical distribution may lead to an ARL-biased chart, that is, some values are larger than the ARL 0 value. Recently, Knoth and Morais (2015) noted that: "problem of choosing the control limits of EWMA charts meant to monitor both increases and decreases in the process variance and based on asymmetrically distributed control statistics is not properly discussed in literature." They also pointed out that there are many instances in the literature where EWMA charts, for monitoring spread, have been developed that are ARL-biased (see, e.g. Wortham and Ringer (1971) , Ng and Case (1989) and MacGregor and Harris (1993)) and that the problem of finding the (asymmetric) control limits of two-sided EWMA charts for monitoring spread has not been considered in the literature. They then go on to discuss the vanilla EWMA design and recommend that small values of  be used, since this reduces the bias dramatically. We also follow the convention.
As noted earlier in the introduction, exact time-varying control limits are used in this paper. There are certain advantages to doing so. Steiner (1999) compared the run-length characteristics of the EWMA-chart with the exact time-varying control limits to the run-length characteristics of the EWMA-chart with asymptotic control limits. He used the average run-length (ARL) as a performance measure and showed that for an IC process, the IC ARL (denoted ARL 0 ) values of EWMA charts with time-varying control limits are nearly identical to those of EWMA charts with asymptotic control limits. However, if a shift in process location takes place soon after the monitoring starts, i.e. if the process goes out of control at an early stage, the OOC ARL (denoted ARL  ) values may differ substantially depending on the value of the smoothing constant . Steiner (1999) concluded that, in general, exact time-varying control limits are useful when λ is small, say, less than 0.3. For an elaborate discussion on the differences between asymptotic and exact time-varying limits, we refer Knoth (2003 Knoth ( , 2005 . The choice of the two design parameters, λ and L, for the proposed charts is deliberated in more detail in Section 3.1.
Run-length distribution
Several authors have considered the FAR as the performance metric but this is no so well-accepted among the practitioners, particularly when parameters are unknown and are estimated. The performance of a control chart is popularly studied via its run-length distribution. The ARL and the standard deviation of the run-length (SDRL) distribution are commonly used as the performance indicators. Nevertheless, noting that the run-length distribution is significantly right-skewed, many researchers recommend examining a number of percentiles including the 5 th , 25 th , median, 75 th and the 95 th percentiles to better characterize the run-length distribution.
Moreover, there are several shortcomings of the ARL as a performance measure as summarized in Graham et al. (2014) . Therefore, in this paper we use the median run-length (MRL) to measure the chart performance. This is supported and motivated by the works of several authors including Gan (1994) , Radson and Boyd (2005) , Khoo et al. (2011), and Graham et al. (2014) . To this end, we set the desired nominal MRL 0 , say 350, meaning that there is at least a 50% chance that the first OOC signal will be witnessed at or before the 350 th sample even though the process is actually IC. In other words, 50% of the IC run-lengths will be greater than or equal to 350 and 50% will be less. Graham et al. (2014) discussed the motivation behind choosing MRL 0 equal to 350. They showed that for a traditional Shewhart chart when ARL 0 is set as 500; MRL 0 becomes close to 346. Naturally, in such charts, if one sets MRL 0 =350, the actual ARL 0 will be marginally higher that 500, the current industry standard.
Implementation of the chart: Chart design parameters
Practical deployment of the NPEWMA-EX charts requires specifying the following parameters: (i) m: the size of the reference sample from the IC state, (ii) n: the size of each test sample (the rational subgroup size), (iii) r: the order of the reference sample order statistic, (iv) : the desired MRL 0 , (v) λ: the smoothing parameter and (vi) L: which determines the width of the control limits. It is up to the investigator to specify the parameters m, n, r and . The choice of the design parameters (λ, L) of the chart consists of two steps: First, using a search algorithm to determine the ( , L) combinations that produce the desired MRL 0 for a given m, n, r, and L.
A detailed simulation algorithm is given in Appendix C of Graham et al. (2012) 
Performance comparisons
Several distributions, apart from the normal distributions, are considered for the performance study.
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From Table 2 it can be seen that when the underlying process distribution is N(0,1), the NPEWMA-EX chart based on the 25 th percentile is overall good for detecting negative shifts while the NPEWMA-EX chart based on the 75 th percentile performs the best irrespective of the size of the positive shift and choice of the smoothing constant  .
When, 
, the NPEWMA-EX chart based on the 40 th percentile is also a very competitive choice. These are illustrated in Figures 1a,b ,c for  and 0.20, respectively. For brevity, we only consider some positive shifts.
From Table 3a , we see that the NPEWMA-EX chart based on the 25 th percentile always performs best in detecting negative shifts when the underlying process distribution is EXP(1). However, from Table 3b , it can be seen that the decision is not so straightforward in From Table 4a it can be seen that, when the underlying process distribution is DE(0, 1) and when the smoothing constant  , the NPEWMA-EX chart based on the 50 th percentile is good in detecting negative shifts. Further, for  and 0.2, the NPEWMA-EX chart based on the 40 th percentile performs the best for smaller negative shifts and the NPEWMA-EX chart based on the 25 th percentile performs the best for larger negative shifts ( -1.50 and -2.00). From Table 4b it can be seen that for positive shifts the choice of the order statistic from the reference sample stays the same regardless of the value of the smoothing constant . In summary, for all , the NPEWMA-EX chart based on the 60 th percentile performs best for smaller shifts ( ), the NPEWMA-EX chart based on the 75 th percentile performs best for larger shifts ( 1.50 and 2.00). Since the run-length characteristics seem to converge as the size of this shift increases, the recommendation would be to use the NPEWMA-EX chart based on the 75 th percentile when large shifts are of concern. These are illustrated in Figures 3a,b ,c for  and 0.20, respectively, with some positive shifts, where it can also clearly be seen that the NPEWMA-EX chart based on the 25 th percentile is performing the worst. From Tables 7a and 7b it can be seen that, when the underlying process distribution is AsymmMixN2, the NPEWMA-EX chart based on the 40 th percentile performs the best for and that based on the 60 th percentile performs the best for whereas the NPEWMA-EX chart based on the 25 th percentile performs the best for other negative shifts and that based on the 75 th percentile performs the best for all other positive shifts under consideration. Some of these phenomena are illustrated in Figures 6a,b ,c for  and 0.20, respectively, where it can also clearly be seen that the NPEWMA-EX chart based on the 25 th percentile is performing the worst.
From Tables 8a and 8b , we observe that when the underlying process distribution is
Log-Logistic, for all negative shifts and small positive shifts, that is, when and 0.50, the NPEWMA-EX charts based on lower order percentiles perform the best, specifically, for The observations from Tables 2 to 8 are summarized in Table 9 along with some recommendations. Note that for conciseness, a shorthand notation is used to describe the charts. For example, the NPEWMA-EX chart based on the 50 th percentile is denoted by EX(50), and if two charts perform similarly, for example, if the NEWMA-EX chart based on the 50 th and 60 th percentiles perform similarly, the notation EX(50,60) is used. Finally, in almost all cases, we see that the NPEWMA-EX chart performs better than the NPEWMARank chart when the chart design parameters are appropriately chosen.
Examples Example 1
First we illustrate the NEWMA-EX chart using a well-known dataset from Montgomery (2001; Tables 5.1 and 5.2) . This data contains the inside diameters of piston rings produced by a forging process. More specifically, Table 5 .1 contains twenty-five Phase I samples, each of five observations, that were collected when the process was believed to be IC, i.e. = 125. An analysis in Montgomery (2001) showed that these data are from an IC process and thus can be considered to be Phase I reference data. Note also that for these data, In order to calculate the Phase II exceedance control charts, we use the data in Table   5 .2 of Montgomery (2001) that contains fifteen Phase II samples each of five observations ( = 5). The smoothing constant is taken to be  = 0.05 and is found such that MRL 0 = 350. Figure 8a ).
For our first example, the data did not reject a goodness of fit test for normality.
Nonparametric charts are useful for all continuous distributions and heavier tailed distributions are of particular interest in practice as they can give rise to more outliers which do not necessarily indicate an OOC process. So we illustrate the NPEWMA-EX chart when the data follow a DE(0,1) distribution which is heavier tailed than the normal, but also symmetric .
Example 2
In practice the underlying process distribution is often unknown (or may not be normal) and this is where the nonparametric charts are particularly useful. To illustrate this the application of the NPEWMA-EX chart is shown when the data is non-normal, specifically, in this example it follows a DE(0,1) distribution which is known to have a median of zero and a standard deviation equal to √ . An IC reference sample of size 100 ( = 100) was generated from this distribution and each data point was scaled so that the transformed observations have a standard deviation of 1. For the reference data we find the median equal to -0.052. Next the Phase II samples, each of size 5 ( = 5), were independently and sequentially generated by transforming the observations from a DE(0,1) distribution so that the resulting observations have a median of √ for = 0.25 and = 5) and a standard deviation of 1. Consequently, the Phase II samples can be thought of as having been drawn from a process that is OOC in the median. The smoothing constant is taken to be  = 0.05 and is found such that MRL 0 = 350. From Figure 9d we can see that the NPEWMA-EX chart based on the 60 th percentile is performing best, since it signals the earliest at sample number 17. Performing second best is the NPEWMA-EX chart based on the 75 th percentile, signaling on sample number 18. This is consistent with the conclusions drawn in Table 9 . The NPEWMA-EX charts based on the 25 th and 40 th percentiles signal on sample numbers 21 and 23, respectively, and the NPEWMA-EX chart based on the median and the NPEWMA-Rank chart perform the worst, since they don't signal at all.
Concluding remarks
Nonparametric EWMA (denoted NEWMA) charts may be an attractive substitute in practice as they combine the inherent advantages of nonparametric charts with the better small shift detection capability of EWMA-type charts. We examine a class of NPEWMA charts based on the exceedance statistic by investigating which order statistic (percentile),
from the reference sample, should be used for good overall performance. In this context, it is worth mentioning that designing a mixed CUSUM-EWMA type chart, in the line of Zaman et al. (2014) , based on the exceedance statistic, will be an interesting future research problem. Also, it is worth exploring how to to use auxiliary information in the EWMA-EX chart using ideas of Abbas et al. (2014) . From a statistical point of view, one may also like to identify the relationship between the order of the reference sample order statistic and the underlying distribution.
Since is the number of -observations in the Phase II sample that exceeds , given , the random variable follows a binomial distribution with parameters ) under IC where . Interested readers may also see Mukherjee et al. (2013) . Therefore,
When there is no shift in the process has same distribution as the order statistic from a random sample of size from a Uniform distribution over the interval [0, 1] . That is, follows a Beta distribution with parameters and irrespective of choice of . This result actually ensures distribution-free characteristics of the charting scheme. This can be used to obtain various moments of using the properties of the Beta distribution with parameters and . Therefore, we have:
Properties of
Noting that , we have,
II.
III.
The conditional IC mean of the plotting statistic given and the choice of
Using recursive substitution, we have ( 
since, given , the behaves as a constant. This result can be seen from Appendix A of Graham et al. (2012) . In this case, ( ) ( ) .
Readers may note that, apparently, there was a typo in ( ) in Equation (2) and . Therefore, before introducing the NPEWMA-EX chart Graham et al. (2012) actually switched to a more realistic choice, namely,
This can be seen from the statement immediately after Equation (2); though the reason was not explicitly mentioned. Under such a choice,
In this case, . We may consider this as one of the possible choices as in Graham et al. (2012) . Another possible choice is . This choice may appear unconventional but it works very nicely and performs equivalently to the choice if exact time-varying limits are considered. We shall discuss this in details later.
From (A.3) we have,
The unconditional IC mean of the plotting statistic given .
With an arbitrary starting value where lies between 0 and , both inclusive, the unconditional IC mean of can be obtained from (A.3) as ( )
Next we discuss two exact cases. From (A.5) we have,
Clearly, whatever , we have, under steady-state (where tends to ), ( ) Graham et al. (2012) considered this as a steady-state mean with .
Therefore, apart from a small typo in expression of ( ) in Equation (2) of Graham et al. (2012) , Equation (3) and successive parts of their article are accurate.
The conditional IC variance and IC standard deviation of the plotting statistic
Further, from recursive substitution, we see,
( ∑ )
irrespective of the choice of , as given , behaves as a constant. This is true, even if is not prefixed but . Equation (A.7) holds when , as given , is a constant.
Suppose, from Equation (A.7) we have
Since, ( ) and, given , the are independent Therefore, we always have ( ) √ .
The unconditional IC variance and IC standard deviation of the plotting statistic
When , using previous results of conditional mean and variance we find
This expression was actually not derived in Graham et al. (2012 respectively. Graham et al. (2012) used these asymptotic limits with starting value . Their derivations and results are correct expect the typo mentioned above. In this context, it is worth noting that even in the parametric situation, there is a dearth of literature that uses the exact variance expression of the plotting statistic taking account of conditioning on the Phase I sample. The potential impact of the use of exact variance, in control chart design, in the parametric case for unknown in-control parameters, will also be worth exploring, which is out of scope of the present work.
Choices of
In summary, we observe that for any pre-fixed between 0 and , both the expressions of the exact and the steady-state ( ) will remain invariant. Similarly, the expression for the steady-state ( ) will remain invariant. This is, however, not true for the exact ( ). As a consequence, for any pre-fixed between 0 and , the asymptotic control limits, introduced in Graham et al. (2012) , will remain valid. Nevertheless, steady-state chart performance is seriously affected by the choice of . For example, if is considered with asymptotic limits, there could be a large number of early false alarms, especially when is small. For example, when , taking will almost everywhere give a signal at the beginning. Thus, we recommend using as in Graham et al. (2012) instead of other choices if asymptotic control limits are used.
The situation is, however, slightly different if we consider exact time-varying control limits.
For example, with are given by A simulation study was carried out and it was observed that the same charting constant , as obtained with with target nominal MRL 0 for a given , returns almost the same MRL 0 if in the similar set-up, is used instead. The OOC performance of the charts are also similar except minor sampling fluctuations if is used instead of . There will be practically no variation in the chart performance is chosen instead of . We omit further details for brevity.
